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ABSTRACT
This work provides an overview of two developments in
origami-based mechanism design. Past methods of predicting
mechanical advantage in compliant mechanisms were adapted to
predict the mechanical advantage in multi-input origami-based
mechanisms. The model was verified against experimental testing of an origami-based mechanism. A method for creating selfdeploying flat-foldable thick origami was proposed with details
to guide the design of a single vertex. This method was demonstrated in physical prototypes. The mechanical advantage model
and Regionally-Sandwiching of Compliant Sheets (ReCS) technique proposed in this work should serve to make origami-based
mechanisms more capable of aiding NASA in their objectives.
INTRODUCTION
Origami-based mechanisms can be classified as a branch
of compliant mechanisms that offer attractive solutions to traditional engineering challenges. The capability of origami-based
mechanisms to create unique motions and configurations makes
them ideal candidates for many applications, including space
systems [3–5] and medical devices [6–10].
This report reviews two recent efforts that help expand the
understanding of origami-based mechanisms. The first work outlines an approach that models and predicts the mechanical advan-

∗ This paper is a review of work published in the Journal of Mechanisms and
Robotics [1] and in the conference proceedings of IDETC 2019 [2].
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tage of origami-based mechanisms while accounting for strain in
the system and multiple input loads. The second work details an
approach to create self-deploying flat-foldable thick origami by
sandwiching compliant sheets between rigid panels.

MULTI-INPUT MECHANICAL ADVANTAGE IN ORIGAMIBASED MECHANISMS
Mechanical advantage is traditionally defined for rigid-body
devices and can be determined purely by the geometry of a mechanism. However, mechanical advantage can be difficult to define
for devices that utilize compliance to obtain their motion. Since
compliant mechanisms obtain their motion through the deflection
of flexible members, a portion of the energy used to actuate the
system is transferred into strain energy in the mechanism. This
strain reduces the mechanical advantage of the device.
Many origami-based mechanisms benefit from multiple input forces to aid in actuation. When this occurs, predicting their
mechanical advantage becomes more complex. This work discusses a method to predict the output force of rigidly-foldable
(meaning deformation is localized to the folds) single degree
of freedom origami mechanisms using a generalized mechanical advantage that considers multiple input loads. The approach
is then demonstrated with an origami-based mechanism call the
Oriceps [11] through magnetic actuation.

Background
The mechanical advantage of compliant mechanisms can be
determined by relating the strain in the system to the mechanical advantage of the device’s rigid-body equivalent. Salamon and
Midha developed an approach to define the mechanical advantage of single-input/single-output compliant mechanisms using
the differential change in the strain energy as [12]



δUc
MAc = MAr 1 −
δ di Fi

(1)

where MAr is the rigid-body mechanical advantage, δUc is the
differential change in strain energy from the compliance, and
δ di Fi is the differential change in distance multiplied by the input force. This approach works well, but it is limited to devices
that use a single input. Salamon’s work will serve as the basis of
a generalized form of mechanical advantage.

(a) Oriceps fabricated from polypropylene.

Vertex

Multi-Input Compliant Mechanical Advantage
Equation 1 can be generalized to allow for multiple input
loads. The denominator term represents the differential change
in input work to the system, allowing us to write Equation 1 as:



δUc
MAc = MAr 1 −
δWin

FIGURE 1.

n

dUc,i
δq
i=1 dq

(3)

Likewise, we can account for the differential input work
δWin as

n

dWin,i
δq
i=1 dq

δWin = ∑

The Oriceps in a (a) folded and (b) planar state.

(2)

This form of the equation accounts for all the strain in the
system. However, all differential strain must be accounted for
with respect to the same generalized coordinate q. Doing so allows us to define δUc as

δUc = ∑

(b) The Oriceps in their planar state.

(4)

Equations 2 – 4 can then be used to predict the mechanical
advantage of a compliant mechanism while considering strain
from the whole system, including strain in varying directions,
and multiple inputs.
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Oriceps
The Oriceps, shown in Figure 1 are a chomping mechanism
developed at Brigham Young University with potential to be applied in minimally invasive surgical procedures. While this device will be the test device in this report, the methods discussed
apply to any single degree of freedom rigid-foldable (meaning
deflection occurs only at the hinges) compliant origami mechanism.
In this work, the Oriceps are assumed to be rigid-foldable
with massless panels. The hinges on the device are assumed to
maintain a constant bending stiffness. As the device will be actuated by magnets, the magnets attached to the Oriceps are assumed to have negligible interaction with one another and the
applied magnetic field is assumed to be constant.
The vertices on the Oriceps are all identical due to symmetry, as shown in Figure 2. Therefore the analysis can be simplified
to a single vertex. General relations exist for the sector angles α
and exterior dihedral angles γ. In the case where

α1 + α2 = α3 + α4 = π

(5)

which applies to the Oriceps, the following relations may be

If we temporarily neglect strain in the hinges, we can define
the rigid-body mechanical advantage of the Oriceps as
γ1

MAr =

dγ3
dγ4

(11)

which can be written explicitly as:

α4

α1
γ2
α2

γ4

"

[cos(α3 ) cos(γ3 ) − cot(α1 ) sin(α3 )]2 + sin2 (γ3 )
MAr =
−2 cos(α3 ) + 2 cos(γ3 ) cot(α1 ) sin(α3 )

FIGURE 2. A single vertex of the Oriceps. Dark blue represents a
moving panel and light orange represents a grounded panel.

found [13]:

Our previous mechanical advantage model (Equations 2 – 4)
can now be used to predict the compliant mechanical advantage
of this vertex. The strain energy of any given crease can be written as

n
1
Uc = ∑ ki (γi − γio )2
i=1 2

γ3 = −γ1

(1 − cot2 ( γ21 )) cot α1 + (1 + cot2 ( γ21 )) cot α3
γ2 = 2arccot
2 cot( γ21 ) csc α1

(13)

(6)

#
(7)

"

(12)

α3

γ3

"

#

(1 − cot2 ( γ21 )) cot α3 + (1 + cot2 ( γ21 )) cot α1
γ4 = −2arccot
2 cot( γ21 ) csc α3

#

where γio is the angle between panels in the vertex’s resting state
and the stiffness is represented by ki . Recall the differential strain
must be found with respect to a generalized coordinate q. In our
example, we will let the generalized coordinate be equivalent to
our input angle γ3 . This then allows us to differentiate the strain
energy with respect to the generalized coordinate to yield

n

δUc = ∑ ki (γi − γio )

(8)
For the vertex of the Oriceps, the driving angle is γ3 . We are
interested in the output angle γ4 . Using the above equations, we
can identify both γ2 and γ4 in terms of the input angle as

#
sin α1 cot α1 (cot2 ( γ23 ) − 1) − cot α3 (cot2 ( γ23 ) + 1)
γ2 = 2arccot
2 cot( γ23 )
(9)
"

"


#
sin α3 cot α1 (cot2 ( γ23 ) + 1) − cot α3 (cot2 ( γ23 ) − 1)
γ4 = −2arccot
2 cot( γ23 )
(10)
3

i=1

dγi
δ γ3
dγ3

(14)

The input work is found in a similar way and is given by
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δWin = ∑ N
i=1

dγi
δ γ3
dγ3

(15)

where N is the input torque at a given location. The value of N
will be dependent upon the method chosen to actuate the device.
This work opted to use magnets for actuation. For more information about the derivation of Equation 15 in relation to these
magnets, the reader is referred to the published paper [1].
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FIGURE 3.

The Oriceps in their flat state.

Force Output
Figure 3 shows where the input work is located on the Oriceps in the magnetic field. It also shows where the output force
is located. Due to symmetry, the output force for the Oriceps can
be reduced to

h δW

s1

Fout1 =

2

(MA1 ) +
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FIGURE 4. Calculated blocked output force of the Oriceps (shown in
red) compared with experimental data (shown in green). The error bars
represent the standard deviation of the sampled points.

(16)
where δW is the differential input work applied to a panel. Equivalency of some of these terms allows this to be reduced to

Fout1 =

MA1 (δWs1 + δWL2 )
L1

(17)

Equation 17 can then be used to predict the output force of the
Oriceps.
Figure 4 shows a comparison between the predicted and
measured output force of the experimental setup. Five tests were
taken and the results compared with the model. It can be seen that
both the model and experimental results follow a generally linear
response and that the model closely follows the experimental results. The slight difference in slope can be accounted for by the
modulus of elasticity of the material. The modulus was measured
experimentally, and deviations in the modulus cause the slope to
change.
The mechanical advantage, and consequently the output
force, can be modified by altering the sector angles of the device. Theoretically, the mechanical advantage would be maximized when all sector angles are π/2. However, in this configuration the vertex is no longer fully coupled, resulting in sequential folding rather than all panels folding together. This greatly
reduces the range of motion. With this understanding, the sector
angles could be modified to increase the mechanical advantage if
limited motion is acceptable.
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SELF-DEPLOYING FLAT-FOLDABLE THICK ORIGAMI
Flat-foldability is the behavior of some origami patterns that
allows all panels in the origami to lie parallel to one another in its
fully folded state [14]. Flat-foldable origami is capable of compact storage for transportation and can then be deployed when
needed. Rigid foldability, as described in Part 1 above, is the
trait of some origami where all deformation during folding occurs in the folds rather than in the panels [15]. This allows for
more traditional engineering materials to be used for origami to
bear loads or contain sensitive electronics.
When materials other than paper are used in origami, the
thickness of the material needs to be accommodated. Many techniques have been developed to allow folding of thick sheets [16],
and each of these various techniques has capabilities and limitations. The deployment of thick origami also presents challenges.
One simple method that could be utilized to allow folding in thick
origami is creating strain energy in the mechanism by deflecting
compliant members. This approach eliminates complex internal
or external deployment actuators and can be particularly useful
in space applications by reducing weight and complexity.
In origami, a fold pattern is composed of multiple creases,
each of which has a valley (folding down) or mountain (folding
up) assignment. Bifurcation is the tendency of an origami pattern to alter the crease assignments, resulting in unwanted folding behaviors. This often occurs when the panels about a vertex
lie in the same plane [17, 18]. If an origami mechanism is allowed to reach an unfolded planar state, it can be difficult to fold
it back into a stowed state. This often requires multiple actuators
to assign each crease to a desired fold assignment. Thick origami
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FIGURE 5. An (a) inner fold and (b) outer fold using the ReCS technique. Light orange represents the compliant sheet, which is the flexible portion
of the device. The green and blue portions are rigid panels on the valley and mountain sides of the fold, respectively.

can allow for interference at this planar state to prevent bifurcation, restricting the mechanism to operate within a single folding
branch.
This work discusses a technique to create flat-foldable, rigidfoldable, and self-deploying thick origami-based mechanisms
that operate without bifurcation. The approach sandwiches a
compliant sheet between regionally-spaced rigid panels. These
panels create interference in the flat state and define the lengths
of the folds. The compliant sheet provides self-deployment
through strain energy. The approach is demonstrated with several physical prototypes.
Description of Technique
The regional-sandwiching of compliant sheets (ReCS) technique draws inspiration from previous thick-folding techniques,
such as the membrane technique [19], strained joint technique [20], and axially-varying volume trimming [21]. The approach is demonstrated in Figure 5 applied to a single fold. The
compliant sheet is sandwiched between rigid panels that interfere
on the mountain side of the fold but leave space on the valley
side of the fold. This forces the mountain/valley fold assignment
to remain constant. Since the compliant sheet has non-zero stiffness, it stores strain energy when folded and wants to deploy the
device back to a planar state.
In the device, there are two types of “folds”. A fold, as defined in this work, is the portion of the device that allows for folding to occur. In paper origami, this region has no length and it is
approximated to occur along a zero-length “crease”, as is shown
as a dashed line in Figure 5. In the ReCS approach, the fold has
length L. Inner folds, as shown in Figure 5(a), fold directly onto
5

themselves. Outer folds, as shown in Figure 5(b), will “nest” an
inner fold. This requires that the outer fold have a greater length.
Methods
The ReCS technique can be applied to a vertex, as shown
in Figure 6. Volume is trimmed from the compliant sheet to create the needed number of folds depending on the degree of the
vertex. Rigid panels are then sandwiched around the material
to form the folds, each with a mountain/valley assignment. The
creases of the zero-thickness folding vertex are shown in Figure 6(a). These creases are used to determine positioning of the
folds.
An approach to design these vertices was developed and is
outlined by five steps.
1.
2.
3.
4.
5.

Selection of panel thickness
Design of flexure lengths
Volume trimming of compliant sheet
Customization of flexure springback
Volume trimming of panels

Each of these approaches is briefly discussed. For a more
complete description of the process, the reader is referred to the
published paper [2].
Selection of Panel Thickness The panel thickness t p
is assumed to be the same on both sides of the device. Much of
the design is dependent upon the selected panel thickness, so it
serves as a free choice for the design. This is because the panels
are assumed to serve some functional purpose.
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C4

(a) Compliant sheet with volume trimmed
around the vertex.

(b) Assembled isometric view.

FIGURE 6.

(c) Assembled front view.

The ReCS technique applied to a degree-4 vertex.

Design of Flexure Lengths The distances between
panels, as seen in Figure 6, creates the valley folds about the
vertex and is predetermined by the thickness of the panels and
sheet. Figure 5 demonstrates how the length of the flexure L is
determined by how much material must be contained within the
compliant sheet. The distance is evaluated to allow the flexure
to achieve an end beam deflection of π. To constrain the flexure
into this arc in the folded state, the lengths of the inner and outer
folds must then be


ts 
Li = π t p +
2


3ts
Lo = π 3t p +
= 3Li
2

(d) Assembled back view.

Cj'
Cj+1''

dj
-dj+1

Cj+1

Cj

Cj''

-dj

y
x

dj-1

Cj-1'
Cj-1

(18)
(19)

If the compliant sheet is significantly thinner than the panels, its
thickness is negligible and Equations 18 and 19 can be reduced
to

Li = πt p

(20)

Lo = 3πt p

(21)

Volume Trimming of Compliant Sheet The shape of
the compliant sheet can now be determined. Since an objective
of the ReCS technique is to enable self-deployment, maximizing
the width b of each flexure will serve to increase the springback
of the device. Material is trimmed from the compliant sheet about
the vertex to allow for motion and to create individual flexures.
An example of this cutout is shown in Figure 7.
During motion, the flexures cannot intersect. Therefore, the
following algorithm was developed: first, locate the intersections
6

FIGURE 7. Vertex close-up of the suggested polygon cutout in a compliant sheet.

→
−
−
v j, j+1 and →
v j, j−1 of the crease’s flexure boundary with its
neighboring boundaries. Second, project the vector locations of
the intersections onto the crease line (s j, j+1 and s j, j−1 ). Third,
select one of the scalar projections to be the distance-to-vertex
value for the crease’s flexure. We assume that crease 1 is the fold
of opposite assignment to the other three folds and that crease 3
is the outer fold (0 < α1 ≤ π/2 and π/2 ≤ α2 < π) for a degree
→
−
four vertex [16]. The jth crease C j unit vector is defined as


→
−
cos θ j
Cj =
sin θ j

(22)

where θ j is the angle from the x-axis of a reference coordi-

Cj+1

→
−0
→
−
C j and C 00j+1 , respectively. Similarly, for the jth and (j-1)th intersections:

y
θj+1

h →
i→
h→
i
−
−
→
−
− →
−
− C 0j , C 00j−1 λ = − d j + d j−1

(27)



→
−
λ
λ = j, j−1
λ j−1, j

(28)

Cj
where

vj,j+1
rj,j+1

θj
vj,j-1

Cj-1
The vectors to the intersections are

θj-1
rj,j-1
FIGURE 8.

x

Crease angles, flexure intersections, and projections.

(23)

→
−
→
−
v j, j+1 · C j
r j, j+1 =
→
−
| C j|

(31)

→
−
→
−
v j, j−1 · C j
r j, j−1 =
→
−
| C j|

(32)

and

The distance-to-vertex value r j of the jth flexure is selected according to the following logic:
r1 = max r j, j+1 , r j, j−1



(33)

(25)

where


→
−
λ
λ = j, j+1
λ j+1, j

(30)

(24)

→
−
where λ j and λ j+1 are the scalar coefficients of the lines and d j
→
−
and − d j are half the flexure length L j and perpendicular and
→
−
centered about the crease. The solution of the equation C 0j =
→
− 00
C j+1 with respect to the λ coefficients defines the location of
→
−
→
−
the intersection of the two C 0j and C 00j+1 lines. This equation
can be written as
h→
i→
h→
i
−
−
→
−
−
→
−
C j , − C j+1 λ = − d j + d j+1

→
−
→
−
→
−
v j, j−1 = − d j + λ j, j−1 C j
→
−
The scalar projections onto C j are

and the flexure boundary line (parallel line clockwise from the
(j+1)th crease) is
→
−
→
− 00
→
−
C j+1 = − d j+1 + λ j+1 C j+1

(29)

and

nate system centered at the vertex. The vector equations for
the crease’s first flexure boundary line (parallel line counter→
−
clockwise from C j ) is
−
→
−0 →
→
−
C j = d j +λj C j

→
−
→
−
→
−
v j, j+1 = d j + λ j, j+1 C j

(26)

and λ j, j+1 and λ j+1, j are the coefficients for the intersection of
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min r j, j+1 , r j, j−1 , α1 + α2 ≥ π and α1 < π/4 or




α1 + α2 ≥ π and α2 >= 3π/4

r2 =

max r j, j+1 , r j, j−1 , α1 + α2 ≥ π and α2 < 3π/4 or



α1 + α2 < π
(34)
r3 = max r j, j+1 , r j, j−1 , 0



(35)



min r j, j+1 , r j, j−1 , α1 + α2 ≤ π and α4 < π/4 or




α1 + α2 ≤ π and α3 >= 3π/4

r4 =

max r j, j+1 , r j, j−1 , α1 + α2 ≤ π and α3 < 3π/4 or



α1 + α2 > π
(36)
−
−
The polygon connecting the corresponding →
v j, j+1 and →
v j, j−1
vectors (those with the same indices as the selected scalar projections) is the suggested compliant sheet cutout for a vertex (see
Figure 7).

bifurcation. Because the folds have a non-zero width, the ReCS
technique does not constrain the device to match the kinematic
motion of the zero-thickness model. As such, there is a sizeable
amount of parasitic motion in the device, both in the inner crease
and in the degree-four vertex. This parasitic motion prevented the

Customization of Flexure Springback The thickness
of the compliant sheet t p is directly correlated with the springback of the mechanism. Maximizing t p will maximize the available stored strain energy. If the moment is assumed to be constant
in the curved flexure, the maximum stress will occur in the shortest flexure and can be given by

σmax =

Eπts
2Li

(37)

(a) Planar state.

Integration of a safety factor to prevent yielding, along with
some substitution using Equation 18 yields the expression for the
maximum sheet thickness

ts,max =

2t Sy
 p

Sy
SF E − SF

(38)

Springback can then be controlled by adjusting the safety
factor, material, and width of the flexure.
Volume Trimming of Panels The panels can now be
trimmed to match the desired motion of the mechanism. All
panel material should be removed if it overlaps with the valley
side of a flexure. It should also be removed from the area overlapping the volume-trimmed portion of the compliant sheet. This
prevents interference of the moving panels.
Examples
The methods discussed above were used to create two examples, a single inner crease and a degree-four vertex, from bluetempered spring steel and clear acrylic. These examples can be
seen in Figures 9 and 10 and dimensions are given in Table 1.
Discussion
The prototypes were successful at self-deploying. The sandwiching panels also performed well by interfering and preventing
8

(b) Folded state.

FIGURE 9. An inner fold created using the ReCS technique in the (a)
planar and (b) folded states.
TABLE 1.

Dimensions for prototyped devices.

Device
Inner Fold

Degree-4 Vertex

t p (in)

0.25

0.25

ts (in)

0.004

0.004

Li (in)

0.79

0.79

Lo (in)

N/A

2.36

number of folds to be replaced with other types of hinges. This
combination of approaches could help constrain the device to
better approximate its zero-thickness kinematic motion and reduce the parasitic motion.

CONCLUSION
This work provided an overview of two developments in
origami-based mechanism design. Past methods of predicting
mechanical advantage in compliant mechanisms were adapted to
predict the mechanical advantage in multi-input origami-based
mechanisms. The model was verified against experimental testing of an origami-based mechanism. A method for creating selfdeploying flat-foldable thick origami was proposed with details
to guide the design of a single vertex. This method was demonstrated in physical prototypes. The mechanical advantage model
and ReCS technique proposed in this work should serve to make
origami-based mechanisms more capable of aiding NASA in
their objectives.

(a) Planar vertex.
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(b) Folded vertex.

(c) Folded vertex.

FIGURE 10.
technique.

A flat-foldable degree-4 vertex created using the ReCS

device from moving through the desired arc shape of the flexures
and causes high stress in the corners of the flexures, resulting in
yielding of the compliant sheet. Since the purpose of the ReCS
technique is to create self-deployment, it is possible for a select
9
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